It is demonstrated theoretically that a nonlinear medium with a spatially periodic refractive index can support solitons of the nonlinear Schr6dinger equation.
In a recent paper' Winful suggested the use of nonlinear periodic structures for pulse compression and indicated the possibility of soliton propagation in these structures. Here we show by means of Floquet-Bloch theory that the nonlinear periodic structure indeed supports solitons of the nonlinear Schr6dinger equation. Such solitons, of course, would not be supported in a uniform medium if there were no intrinsic dispersion. In a periodic structure, however, the required dispersion can be provided by the resulting band structure, and underlying material dispersion is not required.
In the one-dimensional geometry of a periodic structure, the electric field satisfies the equation 20 022 02
where the dielectric function e(x) is periodic and real (assuming a lossless medium) and c is the speed of light in vacuum. For simplicity we neglect any underlying material dispersion and take the nonlinear polarization to be of the simple form PNL(X, t) =x(3)(x) [E(x, t)] 3 ; the generalization to more-realistic material behavior is straightforward. Solutions of the linear form (2) is unlike the one-dimensional Schrodinger equation in that the eigenvalue Win 2 multiplies the periodic function e(x) as well as the eigenfunction; as a result, instead of the usual orthogonality condition we find that the eigenfunctions can be chosen to satisfy (mIeIm') = m where
and we consider eigenfunctions satisfying periodic boundary conditions over a length L. We now look for a solution of Eq. (1) 
where ,u is a small parameter, and assume that the ei show variation on different space and time scales xn
In the usual manner, these are then taken as independent variables, with ax xo+
where unk(x) is periodic with the period of the structure, n is a band index, and h lies in the first Brillouin zone.
Coupled-mode theory has been used to describe pulse propagation in these structures. 1 In that approach, the presence of a periodic perturbation serves to couple a forward and a backward wave whose ampliand we assume that e and X (3) show variation only on the fundamental scale x 0 , i.e., E = E(xo), X(3) = X(3) (xo). Putting Eqs. (5) and (6) into Eq. (1), we collect the different powers of ,u to find the equations
where L = -c 2 
we project out, using Eq. (4), to find that
where Q -ic(0/Oxo). For expansion (5) to make sense, the ei must not have secular terms; thus the right-hand-side of Eq. (10) must vanish for 1 = m; and a cannot depend separately on xl and tj but only on the combination z 1 xxl Mntl, where
By using Eq. (3) {recalling, however, the orthogonality condition [Eq. (4)]1 and k * p perturbation theory, 3 Wmi is identified as the group velocity, 0w,/0k, at point m of the band structure. Thus, as expected, to first approximation the envelope moves with the group velocity associated with the Bloch function that it modulates. Equation (10) then finally yields e 2 = 2ic 0a
Using Eqs. (8) and (12) in Eq. (7) for i = 3, requiring that secular terms vanish,,and looking for a solution of the form a = a(zI, t 2 ), we find that
where we have set a =Z, Equation (13) can be used to describe both propagating solitons in a periodic structure' and the "gap solitons" described by Chen and Mills 4 that appear when stationary solutions are considered. In particular, the gap solitons arise as a special case of our Eq. (13) when the Bloch wave modulated by the envelope function is at a point in the band structure where the group velocity is zero.
Estimates for the system parameters necessary to achieve solitons in periodic systems have already been presented in the literature. 1 ' 4 What has not been realized until now is that these field structures, which have been studied on a case-by-case basis for different periodicities of E(x) and for different experimental geometries, are all characterized by envelope functions satisfying Eq. (13). The future study of such field structures can now proceed in a more unified way, calling on the vast literature dealing with solutions of the nonlinear Schrodinger equation. We shall return to these points in future publications.
